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A family F of subsets of an n-set S is said to have property X for a k-coloring of S 
if for all A, BEF such that A s B, B-A is not monochromatic. Letf(n, k) denote 
the maximum value of 1 FI over all families F which have property X with respect to 
some k-coloring of S. The standard and two-part Sperner Theorems imply that 
f(n, 1) =f(n, 2) = (Ln;2,). Here we study f(n, k) for k > 2 and show that for any 
fixed k, fh k) - 4&,&J as n + co. We show that d, > 1.036 and that as k + co, 
dk -J;rklrMnk. A natural generalization of Sperner’s theorem concerning the 
existence of nice extremal families F is proved. Further, a related linear program- 
ming problem is studied, and results are obtained aboutS(n, k) as n --, 00 if k grows 
with n. 0 1986 Academtc Press. Inc. 
1. INTRODUCTION 
Let S be an n element set. A k-coloring of S is a partition of S into at 
most k parts. Given such a coloring, we say a subset of S is monochromatic 
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if all of its elements are the same color. We say a family F of subsets of S 
has property X for this coloring if for all A, BE F with A $ B, B - A is not 
monochromatic. In this paper we investigate the functionf(n, k), which is 
the maximum, over all k-colorings of S, of the cardinalities of the families F 
with property X. 
An antichain of subsets of S (i.e., a collection of subsets totally unor- 
dered by inclusion) has property X for every coloring. In particular, the 
collection of Ln/2)subsets of S has property X, so that for all n and k, 
.~-(wV>(~~;~, . ) 
For any l-coloring, the only families with property X are the antichains. By 
Sperner’s theorem [ 121, 
fh I)= Ln;2, . ( > 
Using 2-colorings, other families with property X occur, but Katona and 
Kleitman [7,9, cf. 51 discovered that none of them contains more than 
(L;2J) elements, so that in this case also 
f(n9 2)= Ln;2, . ( > 
Larger families occur only if 3 or more colors are used. For example, if 
the elements of S = { 1,2,3 } are given distinct colors, and if F consists of 
the subsets of S of sizes 0 and 2, then F has property X, and in fact, 
S(3, 3) = 4 ’ ($_I ) = 3. Thus to guarantee that 1 F( < ( L,$Z,), additional con- 
ditions must be imposed on F besides property X. For k = 3 such con- 
ditions are given in [8, 3, 4, 51. 
Ron Graham proposed studying f(n, k) for fixed k as n -+ co. In par- 
ticular, although f(n, k) > ( jn;2,) for k and n as small as 3, he asked 
whether it is true for some fixed k (which must be at least 3 in light of the 
results above), that f(n, k)/( Ln;2J ) ) 1 + E for some sufficiently small E and all 
n sufficiently large. This is in fact true for all k 2 3, as we shall show. 
Graham also pointed out that this subject can be viewed Ramsey- 
theoretically when stated this way: Let F be a family of subsets of an n-set 
S with / FJ >f(n, k). Then for every k-coloring of S there exist A, BE F 
such that A s B and B-A is monochromatic. Therefore, Graham calls 
this area “Ramsey-Sperner theory.” 
Here is a short argument due to Graham and Fan Chung that provides a 
reasonable upper bound onf(n, k). Let F be a family achievingf(n, k) and 
let nk be the number of elements in the largest color class, call it Sk. For 
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each subset T of the n - nk elements of the other color classes, the family 
F(T)=(U~S,~UEF, U-&=T} is an antichain of subsets of Sk. By 
Sperner’s Theorem, 1 F( T) ) < ( L,$, ). Using this fact, Stirling’s formula, and 
nk>n/k, we obtain 
fh k) = I FI 
so 
=2”P”kJ2/~nk2”L(l+o(l))) 
=,/2/?m,2”(1+0(1)) 
<$J’2:nn2”(1+o(l))), 
fhk)~&(Ln~2, 
> 
(1+0(l)) as n-+co. 
Our main results here are to prove that for all k, lim,, mf (n, k)/(,,j,,) 
exists, call it dk, and that as k + co, dk - Jw, Although we cannot 
determine the numbers dk explicitly for k 2 3, we can show that d3 > 1. All 
of these results are included in Theorem 2 in Section 3. 
In Section 2 we obtain a result needed throughout the paper which states 
that for all n and k, there exists a family attainingf(n, k) of a particularly 
nice form. This result is a natural generalization of Sperner’s Theorem, 
which is the case k = 1, to arbitrary colorings of S. 
Given a k-coloring of an n-set S with ni elements of color i, 1 < i < k, 
define g(n, ,..., n,J to be the maximum size of a collection F of subsets of S 
with property X The proof of Theorem 2 includes several facts about g of 
independent interest. Moreover, it can be shown for all 1= (A, ,..., A,) with 
all A,20 and C Li = 1 that lim g(n,,..., n,)/(,,,;,,) exists as n -+ cc and 
n,/n + & for all i. 
For each n, ,..., nk, g(n, ,..., nk) can be bounded above quite naturally by 
the value g*(n, ,..., nk) of a related linear program. A family of subsets 
attaining g corresponds to a feasible solution of the linear program for g* 
in which the variables are constrained to be integer-valued. We show in 
Section 4 that for all li. = (Al,..., 1,) the directional limits lim 
g*h ,..., nk),&,&) exist, as n -+ co and q/n + li for all i, just as they did 
for g. The value of the limit equals the value of a certain continuous linear 
program. However, a number of fascinating questions concerning g and g* 
remain unsettled, and we state several conjectures concerning them. 
In the final section we investigate what f (n, k) does if k + cc with n. We 
prove that for 12 1, but not integral, f(n, k) N 27 1 + r,ll) ~ ’ as n + cc and 
n/k + 1, but that for integral A, lim(f (n, k) 2-“) as n + cc and n/k + I does 
not exist. 
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2. A GENERALIZATION OF SPERNER'S THEOREM 
Our first result, a generalization of Sperner’s Theorem, simplifies the 
study of g(n, ,..., nk) andf(n, k). A subset of S is of type (ri, r2,..., rk) for a 
coloring of S if it contains precisely ri elements of color i, 1 < i < k. Sper- 
ner’s Theorem states that the subsets of S of size Ln/2 J form an antichain 
(collection of incomparable subsets) of maximum size. Thus there is a 
collection of subsets of S achievingf(n, 1) and g(n) in which all sets have 
the same type. We now show that for any number of colors k there are 
families achieving ffn, k) and g(n, ,..., nk) which are the union over some 
types of all sets of each type. The proof generalizes Lube113 proof [lo] of 
Sperner’s Theorem. 
THEOREM 1. There exists a family F achieving g(n,,..., nk) with the 
property that if A E F, then F contains all subsets of the same type as A. 
There exists a family achieving f (n, k) with this property with respect to 
some coloring. 
Proof: Since f(n, k) is just the maximum of g(n,,..., nk) over all 
(n 1 ,...? nk) with ‘& ni = n, the second statement follows from the first. 
Let F be a family of cardinality g(n,,..., nk) with property X under a 
coloring of S in which the set Si of elements of color i has ni elements, 
1 < i< k, and C ni = n = 1 SI. Let Hi be a maximal chain in the partial 
order of all subsets of Si, ordered by inclusion. Let R = H, x H, x . . . x Hk. 
Note that each chain Hi corresponds to a premutation of the elements of 
Si. Hence the number of choices of R is n,!n,! ... n,!. Let FR be the union, 
over all A E Fn R, of all subsets of S of the same type as A. Clearly, FR has 
property X. Let A E F and let ai = 1 A n Si 1, 1~ i 6 k. Then the number of 
choices of R which contain A is a,! (n, -a,)! a,! (n-a,)!...a,! (n-a,)!, 
and for each such choice of R, FR contains all (;;)( z;). . (ii) elements of S 
of the same type as A. Thus A accounts for n, !n,! . . . n,! elements in the 
sets FR over all R. It follows that the average value of IF, 1 over all choices 
of R is simply I FI . Hence for some choice of R, 1 FR I 2 I Fl , proving the 
theorem since FR has property X. 1 
For k = 1 Sperner discovered that in any maximum-sized antichain of 
subsets, all subsets have the same size. One might then conjecture that for 
general k every family F achieving f (n, k) has the property of Theorem 1. 
However, this turns out to be false, as the following example shows. With 
some calculations and the assistance of Theorem 1, it can be shown that 
f(9, 4) = 150. Now partition { l,..., 9) using n, = 3, n*=n,=n,=2. Let F 
be the family of subsets for this coloring of the following types: 
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(1, i,j, k), where i+j+k=O (mod 3), 
(2, 6.L k), where i+j+k=l (mod3), 
and (3, i,j, k), where i+j+kz2 (mod3). 
F has property X and 1 Fj = 150. Now replace some subset in F of type 
(3, i, j, k) by the same subset with the elements of color 1 omitted. This 
new collection of subsets still has property X but no longer satisfies the 
type condition of Theorem 1. 
3. ASYMPTOTIC RESULTS WITH A FIXED NUMBER OF COLORS 
We now prove that f(n, k) - dk(Ln;2J) as n + co, where dk is a constant 
depending on the number of colors, k. We provide an asymptotic formula 
for dk as k + cc. This does not tell us whether dk > 1 in the smallest open 
case, k = 3, but by improved lower bound techniques we settle the question 
and show that dj > 1. 
THEOREM 2. For fixed k > 1, f(n, k)/(Ln;2,) has a limit as n + 00 call it 
dk. For k = 1,2, dk = 1. For k > 3, dk > 1.036. As k -+ CO, dk - $$iz 
Proof: This is divided into sections as follows: existence of the limit; 
derivation of a general lower bound on dk; improved lower bound methods 
applied to the case k = 3; and derivation of a general upper bound on dk. 
It will be convenient to prove that for fixed k,f(n, k) & 2-” has a limit 
as n + co, call it ek, where ek - Jkj2lnk. This is equivalent to the 
statements in the theorem for dk, by Stirling’s formula. We begin with a 
basic lemma. 
LEMMA 1. For all i and n = ni + . ‘. + nk, 
g(n,, n,,..., ni-1, ni+ 1, nj+l,..., n,)<&(n, ,..., nk) 
and 
f(n + 1, k) < 2f(n, k). 
Proof Let F achieve g(nl ,..., nip ,, n,+ 1, ni+ 1 ,..., nk). Let y be an 
element of color i. Let F1 (resp. F2) be the subfamily consisting of elements 
of F containing (resp. not containing) y. Clearly F= F, u F, and ) F, 1, 
IF21 <An i,..., n,), and the first inequality follows. The second follows 
easily from the first. i 
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Existence of Limit 
We prove by induction on k the existence of the limit ek = lim,, m 
f (n, k) & 2-“. For k = 1, 2 this is already known. Fix k > 3. 
Let A, = lim inf,, mf(n, k) & 2-” and 
J- 
B, = lim sup, _ m f(n, k) 
n 2-“. We wish to show Ak = B,. Let n(l), n(2),..., be an increasing 
sequence of n’s for which f(n, k) & 2-” + Bk. Let nl(i),..., nk(i) be such 
that f(n(i), k)=g(n,(i),..., nk(i)), where n,(i)< ... <nk(i) and cjnj(i)= 
n(i). By repeatedly applying Lemma 1, it follows that g(n,(i),..., nk(i)) < 
2”““g(O, n,(i),..., nk(i)), so that 
f(n(i). k) < 2”‘(‘tf(n(i) - nl(i), k - l), 
or 
f(n(i), k) fi 2-“(j) 
<,/n(i)/(n(i)-n,(i)) [f(n(i)-n,(i), k- 1) Jnm 2p”(i)+n1(i)]. 
Suppose for some infinite subsequence of the n(i) we have nl(i)/n(i) + 0. 
Then we have n(i)/(n(i)-n,(i))-+ 1, so that Bk<Bk-,. Clearly 
Ak-, 6 A, and A, < Bk. Combining these inequalities gives 
A k-1<Ak<Bk<Bk-,. 
By induction, Ak ~, = Bk ~ r, which forces Ak = Bk. 
Hence we may assume nl(i)/n(i) is bounded away from 0 as n(i) + 00. In 
this case we may employ 
LEMMA 2. For m a positive integer, 
g((2m + 1)2 n,,..., (2m + 1)2 nk) JGZijG 2-(2m+ ‘)” 
2 0, ,..., nk)&2p”(1 +0(l)), 
as mini ni + co, where n = C ni. 
ProojI Let F be a family achieving g(n,,..., nk) for a coloring with ni 
elements of color i, 1 < i d k. We may assume by Theorem 1 that F contains 
all or no subsets of a given type for all types. Let T be a (2m + 1)2 n-set 
where (2m + 1)2 nj elements are colored with color i, 1 < i < k. For 
0 < a d 2m define a family F, of subsets of T having property X as follows. 
For each type ((n,/2) + h I ,..., (n,/2) + hk) included in F and for 0 < a < 2m, 
let 
(2m+ l)‘n, 
+ (2m + 1) h, + a,,..., 
(2m+ l)2nk 
2 2 
+(i?m+ l)hk+ak , 
> 
where -mdaidmforl<idkandC~=,aj-amod(2m+l),beatypein 
the family F,,. Each type ((n,/2) + hl,..., (n,/2) + hk) contributes 
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n:= 1 tt(nJ2;+hi ) sets to F. For each i, as nj + co, we may approximate the 
binomial coefficient ((,,,2;+ ,,, ) by the normal distribution and obtain 
(2) 
This is valid as long as hf/nf + 0 [2, p. 1803. Types which do not meet this 
test make a negligible contribution to the size of F and may be ignored. 
Thus we can approximate 1 Fj by taking min,n, sufficiently large and 
approximating the number of sets in each type by a product of integrals of 
the form above. 
Corresponding to each type ((n,/2) + hI,..., (n,/2) + hk) in F, the 
(2m + 1) collections Fa contain types which together contain this number 
of subsets of T: 
(2m+ l)‘ni 
((2m+1)*ni/2)+(2m+1)hi+j 
Approximating by the normal distribution again [2, p. 181, 2.101 we 
obtain for each i that as ni+ co, 
(2m+ l)“ni 
2m+1)2nJ2)+(2m+1)h,+j > 
P, + 1 V&t 
-zi2m+1)2n1~~~2h,-,,,,, ~(~‘~‘~~dx. 
It follows then that each type in F contributes a total number of sets to the 
(2m + 1) families F, which is - 2(2m+ lJZnen times the number of sets in a 
type itself. Adding up over all the types in F, we obtain: 
azo IFal -2 
(2tX+1)2n-fl ,F,. 
The left side here is at most (2m + 1) g((2m + l)*n,,..., (2m + l)* nk) since 
each F, has property X. The right side is 2(2m+ 1)2’-“g(n,,..., nk). The 
lemma now follows immediately. i 
Note that the o( 1) term in Lemma 2 does not depend on m, only on 
mini ni. 
Returning to the proof of the theorem, recall that it remains to consider 
the case that nr(i)/n(i) is bounded away from 0 as i+ co. Thus nr(i)-, cc 
38 GRIGGS, ODLYZKO, AND SHEARER 
as i + co, so we may apply Lemma 2 to obtain that as i -+ cc for every 
positive integer m 
fl(2m + 1)’ n(i), k) J&GGjG# 2-(2”+ 1)2n(i) 
>g((2m+ l)‘nl(i),..., (2m+ 1)2n,(i))~~2~~2”+1~2”~i~ 
>g(n,(i),..., n,(i))Jno2P”“‘(1 +0(l)) 
=f(n(i), k) Jr@) 2-“(j) (1 + O( 1)). (3) 
Repeated application of Lemma 1 implies that for all k, n, r > 0, 
f(n, k) k 2-‘f(n + r, k), 
or 
(4) 
With i fixed and m large consider n in the interval (2m - 1)’ n(i) d n < 
(2m + l)* n(i), and let r = (2m + 1)2 n(i) - n. Since 
lim ((2m + l)* n(i)/(2m - 1)2 n(i)) = 1, 
ml+* 
it follows that ,/n/(n + r) -P 1 as m + co. Hence (4) implies that for n in 
this interval, 
f(n, k) &2-” 
af((2m+ l)‘n(i), k),/~2-(‘“+“‘““‘(1 +0(l)), 
as m + 00. Combining this with (3) implies that 
liminff(n,k)&2~“~f(n(i),k)~2-“(‘)(1+o(l)), 
n+‘x 
as i--+00. 
The left side is just Ak, and the right side goes to B, as i + 00, so 
Ak > B,. Hence A, = Bk as desired. 
Proof of the Lower Bound 
We begin with a lower bound construction for n a multiple of 2k. 
LEMMA 3. For positive integers A and m, with m even, 
f (km, k) 2 (,,$, (:mm+h))l/(2A+ ‘)’ 
k-COLOR SPERNER THEOREMS 39 
Proof: Let S be a set of size km. Let the elements of S be k-colored so 
that m elements are colored with each color. Let the family F, consist of all 
subsets of S of types (rl,..., rk) such that (m/2)-A <ri< (m/2)+,4, for 
i= 1 ,..., k, and CF= r ri = a mod(2A + 1). Note that F, has property X. 
Furthermore, ~. 
Hence for some a, 
proving the lemma ‘. I 
Fix k and 0: > 0 depending on k. Let m be even and let A = Lfa&]. By 
Lemma 3 and the DeMoivre-Laplace Theorem [2, p. 1371 we obtain 
as m+co. 
Hence, 
2k” 
f(km, k) 3 ck - 
fi 
(1+0(l)), 
where 
evaluated at any a whatsoever. We choose u = which can be seen 
to be optimal asymptotically as k + co. Since integrating by parts gives 
e -(1/2)X* dx =’ ,-(1/2)a2 (1 +o(cI-2)) as a-co, 
c1 
it follows that as k + co, using c1 w  J12lnk, 
So far we have that f(km, k) > ck(2k”/Jkm)(l + o(l)), as the even 
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integers m + co. For arbitrary n, let m be an even integer and let 0 6 i < 2k 
be such that n = km - i By Lemma 1, 
f(n, k) > 2-‘f&n, k) 
2km-i 
2ckJ$1+o(1)) 
=C&+o(l)) 
J;; 
as n-co. 
This completes the lower bound result for general k. It remains to prove 
the stated lower bound onf(n, 3). This requires more relined analysis. The 
method we now describe can be used to obtain improved lower bounds for 
any k. 
Improved Lower Bounds 
The bound 
01 
1, e-(1/2).4 dx 1 k 2k”lc4h 
where c1= 2A/fi is obtained by finding a collection of disjoint families F, 
with a union whose size is easy to compute. This size can be thought of as 
a weighted sum over (2A + l)k elements or in the limit as a weighted 
integral over a k-cube of side 2~. If we can find smaller collections of dis- 
joint families whose union lies in a subset of the cube with higher than 
average weight then we will have an improved bound. To do this divide the 
k-cube of side 2A + 1 into rk subcubes of side (2A + 1)/r in the natural way. 
(2A + 1 may not be divisible by r but in the continuous limit this goes 
away as r will be fixed while A -+ co.) Let P be a generalized permutation 
matrix of these rk subcubes consisting of rk-’ subcubes no two in a row, 
column etc. It is easy to see we can find collections of (2A + 1)/r disjoint 
families with property X whose union is P. As P has l/r of the volume of 
the cube, if it is of higher than average weight we will have an improved 
bound as claimed. For ease of computation we will let r = 2”. For s = 1 let 
P be the generalized permutation matrix containing the positive orthant. 
For s > 1 let P be the generalized permutation matrix obtained by replac- 
ing each subcube in the generalized permutation matrix for s - 1 with a 
generalized matrix of 2k-1 sub-subcubes (out of 2k such subsubcubes) 
picked to include the cube nearest the origin. We illustrate for k = 2. 
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S=l s=2 s=3 5 =4 
FIGURE 1 
It remains to evaluate the weighted sum on P. To simplify notation we 
write 
E(x)=-e -(1/2)x2 
jk 
Because of the symmetric structure of the weights, that is, j”oI E(x) dx = 
j; E(x) ds, s = 1 gives no improvement on s = 0. However, we write the 
bound as 
Thus we need consider subdivisions of the positive orthant. For s = 2 we 
get 
f&m, k) 3 [((A, + Adk + (A, - A$) 2k”/(5h)1U + o(l)), 
where A,=! ;I2 E(x) dx and A, =J$2 E(x) dx. To understand this and 
further subdivisions consider the subdivision of an arbitrary subcube which 
contains, say, the product of the intervals [xi, yi], 1 < i Q k, where 0 < xi < 
yi 6 U. Each interval is then split in half, and the single subcube is replaced 
by 2k-’ of the 2k sub-subcubes. The ones chosen are precisely those for 
which the lower interval [xi, f(xi + vi)] is selected for all but an even num- 
ber of the is. It follows that in subdividing, the weighted sum 
E(x) dx 1 
is replaced by 
. 
In going from s to s+ 1, one can add up the contributions from sub- 
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dividing each subcube in this way, and see that the net effect is this: The 
weighted sum for s is replaced by the average of two weighted sums. One of 
these sums is the same as before (corresponding to fg +-vI)/~ E(x) dx + 
J-$,+?‘,),2 E(x) dx = k E(x) d x in the above formula), and the other sum is 
the original sum except the integral over each of the 2”- i intervals 
[icq-1, (i+l)Q-‘1, o<i<2”-‘, is replaced by the integral over the 
lower subinterval [icr/2”-‘, (2i + 1) a/2”] minus the integral over the upper 
subinterval [ (2i + 1) a/2’, (i + 1) a/2”- ’ 1. The two weighted sums are 
averaged, but the number of families is one-half the previous number. The 
bound on f(km, k) increases overall by the contribution of the second 
weighted sum, which is always positive due to E(x) decreasing as x 
increases. 
For s = 3 we obtain 
f(km, k) 2 [(C: + C$ + C: + C$) 2k”/(a&)I, 
where 
I al4 B, = E(x) dx, 0 
Cz=B,+B,-B,-B,=A,-A,, B, = Jm; E(x) dx, 
Cj=B1-B2+B3-B4, 
C4=B1-B2-Bj+B4, B,= a 
I 
E(x) dx. 
h/4 
For s > 3 the pattern is clear. In general, the sum of 2”- I kth powers 
must be computed. For k = 3 this allows us to show that 
d,=lim,,, [f(n, 3)(,,y2)] > 1. For s = 0,l we compute d3 > 0.966 by tak- 
ing a= 1.74, for s= 2, d, > 1.020 (a = 2.10), for s= 3, d, > 1.032 (a= 3.4), 
and for s = 4, d, > 1.036 (a = 3.6). 
Proof of the Upper Bound 
We shall obtain constants bk such that for all k, 
f’(n,k)<b,&2”(1+0(1)) as n-co, 
where 
N- bk& ask+co. 
k-COLOR SPERNER THEOREMS 43 
We proceed by induction on k. For k = 1 it suffices to take b, = a, by 
Sperner’s Theorem. Henceforth assume that k > 2 and that bk- i satisfying 
the inequality above has been obtained. Let F be a family which achieves 
f(n, k) and satisfies the conditions of Theorem 1. Let Si consist of the 
elements of S of color i and let ni= ) Si), i= l,..., k. We also assume that 
nI<n,< ... <n,. For O<x< co, let 
B(x)=bkpI j((k- 1)x*+ l)/kx’I & jy;;k;, c(~‘*‘** dt. 
Let B(0) = lim,,,, B(x) = m and let B(o3) = lim,,, B(x) = 
L 1,/?=-% 
CLAIM 1. f(n,k)<(max,~,.,B(x))~k/n2”(1+o(l)),asn+oo. 
Proof. Let T, s . .. $ T,,, be a maximal chain in S1. Let 
u~=I(XIXEF,X~~S~=T~}I,~=O, l,...,n. 
By the conditions of Theorem 1, 1 FI = cj ai( By induction, since 
n-n,--+cc asn+co,aj6b,p, ,/(k- l)/(n-n,) 2n-n’(l +0(l)). Also, for 
F to have property X we must have c, a, < 2”P”1. These conditions on the 
aj give a linear program which bounds (F( =f(n, k). It is easy to see that 
the solution of this program assigns weight b,- 1 J(k- l)/(n-n,)2”p”1 to 
the aj corresponding to the middle ( l/bk _ 1) (n - n, )/(k - 1) binomial 
coefficients (y) and weight 0 to the other aj. 
Now if n, is bounded as n + co, say n, < N, then these (7) add up to 2”‘, 
so that 
IFI 62”‘bkp12”-“1,/(k- l)/(n-n,) (1+0(l)) 
,<b,P,2”,/(k-l)/(n-N)(1+o(l)) 
=B(co)$722”(1+0(1)). 
On the other hand, if n, + co as n -+ cc, we may convert the sum in the 
bound for 1 FI into an integral (as in the proof of the lower bound), 
yielding 
IF1 <B(x)&2”(1+0(1)), 
where x = J(n - n,)/(n,(k- 1)). Note that n > kn,, which implies x > 1. It 
follows from these two cases that the claim is true. 
CLAIM 2. f(n, k)d(max,,cx<l B(x)),/&271 +0(l)), asn+co. . . 
Proof: Set up the same linear program as in Claim 1, except use Sk in 
place of S, and nk in place of n,. As n + co, nk >, (n/k) + 00. 
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If n - nk is bounded as n + co, say n - nk < N, then 
IFI =f(n, k'=xaj(y) 
i 
<(b,-,2”-“’ J(k-I)/(n-nk))(~~(n-n,)/(k-l)) 
k-1 
X 
( > 
;k (1+0(l)) 
=2”-“kJ2/7rnk2nk(l+o(l)) 
<J~2”(1+0(1)) 
=B(O),/ljT;;;;2”(1+0(1)) as n+co. 
On the other hand, if n - nk + GO as n + cc, we may once again convert 
the sum in the bound for 1 FI into an integral, obtaining 
I f’ < B(x) ,/k/n 2”( 1 + o(l)), 
where x = ,,/(n - n,)/(n,(k - 1)). Since n < kn,, x < 1. From these cases the 
claim follows. 
LEMMA 4. B’(x) = 0 for at most one value of x E (0, co) and B’( co) < 0. 
Proof: It suffices to show for a, b > 0 and 
g(x) = ,/m {;lb e -(‘/2)rZ dt 
that g’(x) = 0 has at most one solution in (0, co) and that g’( oo) < 0. Here, 
L?(x) = 
-1 
bx3 ,/m 
e-(‘/2)9 dt- (aX3 +x) e-x2/(2b*) . 1 
One gets immediately that g’( co ) < 0. 
Using y = x/b and c = ab2 > 0, we see that our problem reduces to show- 
ing that for c > 0 and for the function 
WJ={oye -(l/2)9 dt- (cy3 +y) e-(l/2b’2, 
h(y) = 0 for at most one value y E (0, 00). It is easy to check that h(O) = 0 
and h’(y) = 0 for at most one y E (0, cc), and the required result follows. 
This proves Lemma 4. 1 
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Claims 1 and 2 imply that 
fh k) < Min (,y;-, B(x), Max B(x)) fi 2”( 1 + O( 1)). 
. . lCX<cc 
From Lemma 4 one obtains that 
Min (,$xyl B(x), , I)$yrn B(x)) = B(l). 
. . . . 
Thus for all k we have 
f(% k) < bk J(k/n) 2”(1 + o( 1)) where 
(5) 
LEMMA 5. suppose ak, k 2 0, is a sequence of positive real numbers such 
that for k 2 1, 
Then 
Proof Suppose to the contrary that for some E >O (which we may 
assume to be extremely small), and for infinitely many k 
ak>j&. 
For ~20, 
f 
cc 
e 
x 
by [l, 7.1.131. Apply this inequality with x= l/afi to obtain 
-(1’2)r2 dt < 1 - Ca exp 
(6) 
for 0 <a < a,,, where C is, say, (2 + 4ai)-‘. 
The sequence aO, a,,..., is decreasing. Suppose ak satisfies (6) and that 
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0 < i < k. Then uk < ai< ao. Also note that the quantity on the right side of 
(7) is decreasing for increasing a. Combining these observations we obtain 
= 1 -x--(1+&‘-2 
<exp(-k-l+“), 
if k is large enough. Hence for large k satisfying (5), 
k-l 
&<a, n exp(-k-i+“) 
i=O 
=aoexp(-k’), 
which contradicts (6) and proves Lemma 5. 1 
Applying Lemma 5 to (5) implies that 6, N l/a. Thus 
ek $ & bk w  Jsc/21nk, Satkfying the upper bound on ek, which Completes 
the proof of Theorem 2. 1 
Remarks. It is possible to prove that “directional limits” exist for the 
maximum family sizes. Specifically, for fixed d and direction 1= (Ai ,..., &), 
where each lib 0 and C li = 1, e(A) = lim g(n,,..., &) ,,& 2? exists as 
n -+ cc and n,/n + li for all i. The direction specifies asymptotically the 
relative sizes of the color classes. 
Based on Theorem 2, we conjecture that for all k >/ 2, dk+ 1 is strictly 
greater than dk. 
The special case k = 3 is of particular interest. Our methods show that as 
n-co, 
1.036 <f(n, 3) 
i( > 
n < 1.131. 
42 
In the balanced case, i.e., n, N n2 m n3, we can find an upper bound of 
((2fi)/x)[(3/J?.) tan-’ (d/2) - $1 = 1.072, by finding a feasible 
solution to the dual linear programming problem. Extending this to the 
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nonbalanced case is nontrivial as we lose the symmetry condition. 
However, the balanced case was the worst in proving the general upper 
bound, so certainly the 1.131 bound can be improved. 
We have recently learned that Z. Fiiredi [ 131 has been investigating the 
asymptotic behaviour of dk and can also show that d, > 1. More general 
questions are studied in [ 141. 
4. A RELATED LINEAR PROGRAMMING PROBLEM 
Instead of considering only families of subsets of an n-set S, the elements 
of which are colored with k-colors, we may study the more general class of 
assignments of weights between 0 and 1 to all of the subsets of S. 
Specifically, suppose S is k-colored with n, elements of color i, 1 < i < k. 
Consider weight assignments w  in which each T G S has some real-valued 
weight w(T) > 0 such that the sum of the weights on any monochromatic 
chain of subsets of S is at most one. (A chain T, $ T2 s .. . ?j T, is 
monochromatic if I= 1 or if T,- T1 is monochromatic.) We ask for the 
assignment w  of greatest total weight, which we call g*(n,, n2,..., nk). This 
is the value of a linear program. Clearly, 
g*(n, ,..., 4) 2 g(n, ,..., d 
since our original problem with families of subsets corresponds to this 
problem with weights w(T) restricted to the integer values 0 and 1. We now 
let f*(n, k) be the maximum of the values g*(n ,,..., nk) over all n, ,..., nk 
such that n, + . . . + nk = n, that is, over all k-colorings of S. Then we have 
f*h k) >fh k). 
Fork=l,fh 1)=s(n)=(L,,;2J)T Y P b S erner’s Theorem. By the two-part 
Sperner theorem, for all n, + n, = n, f(n, 2) =g(nl, n2) = (L,$J). On the 
other hand, for k = 1 or 2, for any k-coloring of S it is possible [3] to par- 
tition S into just (Ln;ZJ) monochromatic chains, which implies an upper 
bound of (Ln;2J) on g*(n, ,..., nk) in the linear program: For k = 1, one takes 
the symmetric chain decomposition of the subsets of S or simply uses 
Dilworth’s Theorem to get these chains. For k = 2, one may first partition 
the subsets of each color class into (Ln:jZJ) y s mmetric chains which induces 
a partition of the subsets of S into (L,,‘&,)(Ln;~z,) “symmetric rectangles”, 
each of which may then be partitioned into monochromatic chains in such 
a way that, in all, only (Ln;2, ) chains are required. Combining inequalities, 
we find that for k < 2, g* = g and, hence, f * =f: 
It would be very nice if one could, for any k and n,,..., nk, partition the 
subsets of S into just g(n, ,..., nk) monochromatic chains, so that our linear 
program would always have to contain a 0 - 1 solution corresponding to 
582a/42/1-4 
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one of our families of subsets. However, we expect there exist cases such 
that g* > g and such that f* >f: 
As with g we can consider what happens to g* for fixed k as n + co and 
the relative sizes of the coloring classes are specified. For I = (A, ,..., A,), 
where li > 0 for all i and C li = 1, let 
e*(k) = lim g*(n, ,..., nk) J& 2-“, 
the limit taken as n = C ni + cc and n,/n + Ai for all i. Then the following 
holds: 
THEOREM 3. e*(l) exists and is equal to the solution of the following 
continuous linear program: 
subject to G measurable 
j’2m G(x ,,..., xk) dxi 6 1 (i= I,..., k) 
G 3 0. 
Proof Let w  be an assignment of weights achieving g*(n,,..., nk) to the 
subsets of an n-set S. By symmetry we can assume that w  assigns the same 
weight to all subsets of the same type. Define G as follows: For each type 
a=((n,/2)+h,,..., (fik/2) f hk) Of weight 6 = e(a), let 
G(x, ,..., 4 x,)=&j- 
for 2hi- 1 1 2h;+ 
7 < xj 6 J;; , l<i<k. 
Let G = 0 otherwise. Clearly G 3 0 and for all i, sTm G(x~,..., xii) dxj d 1. 
Summing over all types 0 gives 
g*cn, P..., nk) = 1 RfJ) LT 
If we change variables in (2) of Section 3 and let xi = y&, then 
( (nj,J{+ hi) - 2”i & (~h~~l:~~ edl(2”o dxj (8) 
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As before, this is valid so long as h!/nf -+ 0, but types which do not meet 
this test make a negligible contribution to g*(nl ,..., nk) and may be ignored. 
We now use (8) for each i, 1 < i 6 k, and obtain the result that as n + cc 
g*tn, ,..., nk)=-1-2” O” Jr; j-,-j_“, G(xl,..v 4 
x fi (e-“~‘c2it)/,/t%&)dx, . ..dxk [l +0(l)] 
i=l 
Actually, to use (8), we need to assume that all ni can be made arbitrarily 
large, which is not possible unless all ,Ii> 0. However, if some ,Ii = 0, we 
may use the same sort of argument as we required in Sec. 3 in the existence 
proof in the case that nr(i)/n(i) -+ 0. 
Let 0 be the value of the continuous linear program. The existence of r9 
is guaranteed by the facts that 
is nonnegative, uniformly continuous, and bounded when integrated over 
Rk. This can be proven, for instance, by showing that @ is the limit of the 
values of a series of linear programs obtained by putting a mesh on a cube 
surrounding the origin and approximating P by zero outside the cube and 
by its minimum value on any subcube of the cube, and then letting the 
cube surrounding the origin expand while simultaneously refining the 
mesh. 
Given (nr ,..., nk) and optimal weights w  for this coloring, we have seen 
how to construct a function G which is feasible in the linear program such 
that the program’s value approximates g*(n,,..., nk). It follows that 
e*(h)<@. 
Conversely, suppose G achieves @. Define as follows a weighting w  of the 
subsets of an n-set which has been k-colored using ni elements of color i, 
1 < i < k. Each subset of type ((~2~12) + h, ,..., (nk/2) + hk) is given a weight 
which is (2/&) t’ rmes the average value of G on the cube defined by 
(2hi - 1)/G d xi d (2h, + l)/&, 1 < i 6 k. Since P is uniformly con- 
tinuous, the error introduced by approximating G by a constant on sub- 
cubes can be made arbitrarily small as n --f co. Hence, letting n + cc and 
n,/n -+ Ri, 1 d i < k, we have that e*(l) > @, which completes the proof that 
e*(l)=@. 1 
50 GRIGGS,ODLYZKO, AND SHEARER 
Remarks. Clearly, e*(n)>e(L). We conjecture that for all 1, e*(l) = 
e(l), even if g*(n, ,..., n,)=g(n, ,..., nk) is not true in general. 
We also conjecture that for fixed k, both e and e* achieve their 
maximum values when 2, = ... = Lk = l/k. This says that to maximize 
g(n 1 ,...> nk) and g*(n ,,..., nk) over n, ,..., nk with C ni = n, one should divide 
the n elements into k color classes of approximately equal size. This 
intuition was successful in the proof of Theorem 2: To obtain the 
asymptotic lower bound on dk as k + cc we used a balanced coloring. One 
might even suspect that for all k and n a balanced coloring is optimal, but 
surprisingly this is not so. A simple example where it fails is n = 5, k = 3. It 
can be shown that f(5,3)=g(3, 1, l)= 12, g(2,2, l)= 11, and g(5,0,0)= 
g(4, 1,0) =g(3, 2,0) = 10, so that f(5, 3) is attained by a (3, 1, 1)-coloring 
and not by the more balanced (2, 2, l)-coloring. The same thing happens 
for g* because for each coloring of S, one can construct a partition of S 
into just g(n,, n2, n3) monochromatic chains, which implies that g* = g for 
n = 5, k = 3. 
5. LARGE k BEHAVIOR 
So far our results have been concerned with how f(n, k) behaves as 
n + co for fixed k. We now study what happens if k is allowed to grow with 
n. We find that for L > 1, as n -+ cc and n/k --f 2, f(n, k) 2-” has a limit, 
unless 1 is an integer. The limit does not exist if ;1 is integral. Before 
presenting this result, Theorem 4, we observe what happens in some small 
cases. 
First, suppose that k = n and consider a coloring of the n-set S and a 
family F of subsets of S which attains f(n, n). For x E S, F cannot contain 
both Tand Tu {x} for any TES- {x}, so it follows that IFI <2”-‘. On 
the other hand, if the elements of S are colored distinctly, the family F of 
all subsets of S of even size has property X and I FI = 2”- ‘. Thus it follows 
that 
f(n, n) 2-” = f. 
This case has been previously noted by Sali [ 111. 
The function f(n, k) 2-” drops abruptly when n/k becomes strictly 
greater than 1, as can be seen from these values of f(n, k) determined for 
k+ldn<k+3: 
For n=k+ 1. 
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Forn=k+2, 
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f(n,k)2P”=& k>l, 
For n=k+3, 
fh k)2- 
k=l 
k=2 
k=3 
k>4. 
Along each of these three lines f (n, k) 2 --n approaches (and attains) a limit 
as k + co. The case n = k+ 3 is interesting in that f(n, k) 2-” is not 
monotonic as a function of k. In general it can be shown that for any 
integers j, M > 0, the function of k given by f (n, k) 2-” where n = km + j 
has a limit as k -+ w. We omit the details. As we see above for m = 1, the 
limit depends on j, which is assumed to be held constant. It would be con- 
siderably more difficult to satisfactorily describe what f (n, k) 2-” does for 
n = km +j, with varying j = o(k), as k -+ co. However, if k(or equivalently 
n) -+ w  and n/k -+ 1, ,4 not an integer, f(n, k) 2-” will converge to a limit, 
(1 + ml))‘, as k -+ w. Further, we shall see in the proof of this result that 
for any m and E the convergence is uniform for n and k satisfying (m - 1) + 
E<n/k<m. 
THEOREM 4. Let II > 1. Zf A is not an integer, then 
limf(n3 k) 1 
2"=-, 1 +ru 
the limit taken as n + co and njk + A. If A is an integer, the limit does not 
exist. 
Proof Throughout the proof we assume m is any positive integer. First, 
we prove for n <km, 
Let S be an n-set, n <km. S can be k-colored using each color at most m 
times: Say color i is used for nj elements, 1 d id k, where each ni < m. For 
0 <a <m, let F, be the family of all subsets of S of all types (a, ,..., ak) 
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where Cf=, ai = a mod(m + 1). This is similar to the proof of Theorem 1 in 
that each F, has property X, so that 
fh k) 2g(n, T..., Hk) 
> average 1 F, ( 
0 
1 =-2”. 
m+l 
Next we obtain a good upper bound for equitable colorings. Let g(m o k) 
denote g(m,..., m) where there are k m’s, that is, 1 SJ = n = km is k-colored 
using each color m times. For k = 0, g(m 0 k) = 2”k = 1, so we can write 
g(mo0) G r(m, 0), where r(m, 0) = 1. For general k, suppose we have 
r(m, k) such that 
g(m 0 k) d r(m, k) 2”k. (10) 
We use this to find an effective r(m, k + 1). Suppose S is an n-set with 
n = m(k + l), which is (k + 1)-colored using each color m times. Let 
A, = {bl,..., b,} be the set of elements of S of color 1. Let F be a family 
attaining g(m 0 (k + 1)). For ASA,, let N(A)= {T-A: TEF, 
Tn A, = A}. Then by property X the m + 1 sets N(O), N({b,}), 
N{b,, by)),..., N{b,, bz,..., b,)) are pairwise disjoint, so that these sets 
together contain no more than 2”k subsets of S. Also observe that for any 
A c A,, N(A) is a family of subsets of S-A, with property X, so that by 
hypothesis 
IN(A)/ dg(mok)Br(m, k)2”k. 
It follows that 
AmoCk+ I))= IFI 
= c INA)l 
ASA, 
= 2 IN({b,,...,bi})l + 1 IN( 
i=O A # {bl..... b,}, 
O<i<m 
<2”k+(2m-m-1)r(m,k)2”k 
*g(m~(k+1))<r(m,k+1)2”‘k+‘), where r(m,k+1)=2-“(l+r(m,k) 
(2” -m - 1)). For each m we may easily solve the recurrence above for all 
k, using r(m, 0) = 1, and obtain 
r(m, k) = -J&+3(1-$)“. (11) 
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From (11) it follows that r(m, k) + l/(m + 1) as k + co, so that 
lim g(mok)2-“‘=A. 
k-cc 
Now we treat the case that n/k is less than m but bounded away from 
m - 1. Specifically, let E be arbitrarily small with 0 <E < 1. Suppose 
(m-l)+E<n/k<m. (12) 
By (9), we have f(n, k) Z (l/(m + 1)) 2”. We need an upper bound on 
f(n, k) which is asymptotic to (l/(m + 1)) 2” as k and n -+ co in this range. 
For n/k in this range, let F be a family of subsets of an n-set S attaining 
f(n, k) with respect to a coloring which uses ni elements of color i, 
l<idk, where nrb ... <nk. Let 1 be the largest i such that nk+r_iam. 
By repeatedly applying Lemma 2 
fh k) = 1 FI =g(n, ,..., nk) 
6 2”-m’g(m 0 I), 
which is obtained by reducing the last I parts to m elements each and 
eliminating the other parts altogether. By (lo), this implies that 
./In, k) d r(m, 1) 2”. (13) 
The color sizes ni must be bounded as k + co, for if not, then by the 
argument given in Section 1, f(n, k) < 2” -“k ( 
nk )-&2”’ as nk+a; 
Ln;;Z,); by Stirling’s formula, 
F 
and it would follow that f(n, k) 5 
2 rink 2”, which contradicts (9). Therefore there exists N, depending only 
on m such that all ni < N,. Using this fact, the definition of f, and (12) we 
obtain 
(m-l+e)kdndN,1+(m-l)(k-I) 
so l>(N,-fm+,)k-a as k-w. 
Hence, by (13), f(n, k) 2-” < r(m, I) + l/(m + 1) as k + co, with n restric- 
ted by (12). 
For any noninteger A, it follows by the analysis above by taking 
E -C A - LA] that as n + 03, n/k -+ 1, f(n, k) 2-” + l/(rAl + 1). For integral 
1 we get different answers taking limits from above or from below A, so the 
limit does not exist. This completes the proof. 1 
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